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Abstract

In the previous work, Part I; [1], the steady flow of an incompressible Oldroyd

8-constant fluid in the annular region between two concentric spheres is investigated

up to the second-order approximation. Hence, the normalized second-order velocity

field, V  shows to be
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The leading velocity term represents the Newtonian flow in the  -direction, while the

first-order term denoted by the stream–function ),r()1(  , produces a secondary flow

field that divides the flow region into four parts symmetric about the z-axis which is

the axis of rotation. The second-order approximation gives a viscoelastic

contribution ),r(W )2(  in the -direction.   is the retardation time parameter.

The present work is devoted to the solution of the third-order approximation of

the same problem treated in [1]. The solution produces a stream–function ),r()3( 

which is being a secondary flow field divides the domain of flow into two similar

regions symmetric about an axis perpendicular to the axis of rotation. The streamlines

.const),r()3(   are sketched for Maxwell, Oldroyd-B and Oldroyd 8-constant

model fluids; respectively. The results show that the distribution of flow for these

fields are mainly affected by the values of their elastic parameters.

Key words: Spherical Couette flow, Oldroyd 8-constant model ,stream–

function.
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1. Introduction

Spherical Couette flow (SCF) is very interesting research topic in basic

hydrodynamics. This flow provides a complex flow for engineering applications. In

contrast to cylindrical Couette flow, there is no edge effect or free surface effect on

viscoelastic flow characteristics since the fluid is totally enclosed in a gap between

two coaxially rotating spheres. Moreover, the SCF is also of interest because the shear

rate is varied in the gap space;[1,2], and various flow modes which could not be

observed in the case of Newtonian fluids would appear, due to both elastic and inertial

hydrodynamic effects of viscoelastic fluids.

For Newtonian fluids the SCF had been studied by many authors, Wimmer

[3],Bartels [4], Yavorskaya et al. [5],Nakabayashi [6], Nakabayashi et. al.

[7].Recently, SCF has been studied by Nakabayashi [8] .Such flows has been also

widely studied for industrial engineering applications and moreover in a basic study of

the fluid mechanics, [9].

However, there is very little literature on spherical Couette viscoelastic fluid

flow. Recently, in a series of papers Yamaguchi et. al. [9, 10,2] studied this flow.

The present work is devoted to the solution of the third-order approximation of

isothermal viscoelastic SCF. This solution, depends on the eight viscometric

parameters of the fluid, produces a stream–function ),r()3(   which is being a

secondary flow field divides the flow region between the two spheres into two similar

regions. These two regions are being of six stagnation points for Maxwell,  Oldroyd-B

and Oldroyd 8-constant fluids. This result indicates that the flow field for the

viscoelastic fluids is being the same for these three model fluids.

2. Formulation of the problem and the field equations

A viscoelastic fluid moves in the annular region between two concentric

spheres of radii 1R   and 2R  ( 12 RR  ). The motion is due to the rotation of the inner

sphere with angular velocity  about the z-axis, which is located in the center of

system, while the outer sphere is kept at rest. The field equations; namely, the



-3-

constitutive, the continuity and the momentum equations and the boundary conditions

are presented as the following.

3. Constitutive, continuity and momentum equations

As presented in [1], we adopted the Oldroyd 8-constant model which relates

the stresses and the kinematic variables through the equation; [11, 12, 13].
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
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I)d:d()d.d(dd2I)d:t(d)ttr()t.dd..t(tt 742o6531 , (3-1)

where t , ])v()v[(
2
1d T  and I  are the extra-stress, the rate of deformation and

the unit tensors; respectively. The material constants o  , 1  and 2 are; respectively,

the zero-shear- rate viscosity, the relaxation and retardation times while 3 -- 7 are

further material time constants. The symbol "" denotes the upper-convected

derivative.

In terms of the spherical polar coordinates ),,r~(   the velocity field, independent

of the  -coordinate due to the symmetry about the z-axis, may be written as:

]ˆ),~(,ˆ),~(,~̂),~([  rwrrruv  . (3-2)

Consequently, the continuity equation for an incompressible fluid is
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, (3-3)

allows the definition of a stream-function ),r~(  with the components u and v ; i. e.,
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which satisfies Eq. (3-3) identically.
We assuming that viscoelasticity of the fluid is dominant such that the inertial

term is negligible and hence the momentum equation, for steady state flow, is

0 tp . (3-5)

 Substituting from Eq.(3-1) into Eq.(3-5), we obtain
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Introducing the dimensionless variables,
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into Eqs. (3-1), (3-4) and (3-6) and making use of some manipulation ; [1], we get
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IDDDTDDTtrDDTDDTTDT ):2:(2)(.2)..(2 765431  , (3-8a)

0)]sinW(
sin

1
[)Wr(

r
1

3r,
2

r2 



   , (3.8b)
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where, the non-dimensionality is obtained by using 1R ,   and 0  as the

characteristic length, time and stress; respectively, and TIP
exc

T    ,  is the

extra-stress .

The perturbation term,, is abbreviated in Eq. (3-6) by the dimensionless

vector ),( r and the scalar ),( rG defined by the expressions
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                                                                                                                             (3-8d)
where


ˆr̂ 21 and  ˆ3 .

The boundary conditions imposed on the functions W and   are
0,sinW          at a,1r   ; 12 R/Ra  , (3-9a)

0,0r,            at a,1r  . (3-9b)

The functions W  and  , Eqs. (3-8b ) and (3-8c ), must be determined such that the

boundary conditions (3-9a) and (3-9b) are satisfied. Using the method of solution

which adopted in [1], see on the Appendix , the final form of the third-order solution

is given as the flowing.

4.Third-order approximation

As indicated in [1], the same procedure of the solution will be adapted. Taking

3n  , the coefficient of 3  in Eqs. (A-3) and (A-4) we get:

0)()sinW(
1

)Wr(
r
1 )2,0(

3
)1,1(

3
)0,2(

3
)3()3(

r,
2

r2 


  sin
, (4-1)
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which reduces to:
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with the boundary conditions
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The solution of (4-4a) with the boundary conditions (4-4b) is being

zeroW )3(                                                                                                  (4-5)
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 In the same manners, for the stream-function ),r()3(  we get:
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r)410792(r)121528300(
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The solution of Eq. (4-6a) for the stream-function ),r()3(  subject to the boundary

conditions (4-6d) with a = 2 for simplicity; is given by:
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(4-7)

The streamlines of .const),r()3(   is being a secondary flow divides the annular

spherical gap into two similar flow regions symmetric about an axis perpendicular to
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the z-axis. This flow includes all the material parameters in the employed Oldroyd 8-

constant constitutive equation; namely 7,.......,2,1;,0 ii  and hence it is a

viscoelastic flow.

Inspection of  Eq. (4-7) show –from a mathematical point of view - that the

stream-function ),r()3(  is consists of two parts, the first one is proportional to

3
4321 )]()([   ,which is purely positive factor since 21  , and the second

term )])(())(()).()[(( 52
3

316753143532121   is purely

negative . Hence, we notice that for 0 ; i.e. in the presence of 10 ,  (Maxwell

fluid) or 10 ,  and 2  (Oldroyd-B fluid) the flow is enhanced in the two cases while

it is diminished for 0 ; i.e. for more complex flow.
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Conclusion

           The behavior of a viscoelastic fluid in the SCF where the inner sphere is

rotating with angular velocity   and the outer sphere is kept at rest has been

investigated in Part I; [1]. The solution is performed up to the second-order through

the expansion of the dynamical variables in power series of the dimensionless

retardation time . For continuity, the present work is devoted to the solution of the

third-order approximation. The mapping of this field in the z plane is being a

secondary flow which divides the annular region of the SCF into two similar regions

symmetric about an axis perpendicular to the z-axis; i.e. the  -axis.

The results show that the stream function )3(  is a viscoelastic term depends on

all of the  material parameters; i.e. 7,........,2,1,,0 ii . Figure (1) represents the

streamlines .const)3(   for Maxwell fluid. The domain of flow between the two

spheres is divided  into two similar regions with two large loops and four small eddies

having six stagnation points. The same behavior for Oldroyd-B fluid; Fig. (2),

Oldroyd 8-constant fluid , 5.0 ; Fig. (3), and finally for Oldroyd 8-constant fluid ,

1 ; Fig. (4). This means that for higher order perturbation, the flow field for

viscoelastic fluids is being the same for Maxwell, Oldroyd-B and Oldroyd 8-constant

model fluids. As it is expected, the torque field is unaffected by the third-order

perturbation.

          Finally, the non-vanishing  third-order stresses at the surface of the  stationary

outer sphere are being )3(
rrT  , )3(T  , )3(T   and )3(

rT  . These components are calculated

and then  plotted in Figs.(5a,..5h,6a,..6h) . In view of these figures we notice that all

these components are symmetric about 2/  and the behavior for fluids with

0 ; i.e. Oldroyd-B fluids is the same as that for higher order elastic fluids; say

1 in the present work, except in their values only . An inversion of the normal

stress- components directions for  r=1.1 and  r=2 ; respectively is shown.
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Appendix

Method of successive approximation

According to the method of perturbation employed in [1], the functions

T,D,,W   or P are expanded in power series of the retardation parameter    as

follows





0n

)n(n AA                                (A-1)

where A  may represents any of the above functions. Consequently, the expansion of

Eqs.(3-8a),(3-8b) and (3-8c) are written as:
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The required boundary conditions (3-9a) and (3-9b) are reduced to:
0,sinW n0

)k(   for a,1r   , (A-5a)

0,0)k(
r,

)k(     for a,1r   .  (A-5b)
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